We construct a second-order continuum traffic model by using an iterative procedure in order to derive a constitutive relation for the traffic pressure which is similar to the Navier-Stokes equation for ordinary fluids. Our second-order traffic model represents an improvement on the traffic model suggested by Kerner and Konhäuser since the iterative procedure introduces, in the constitutive relation for the traffic pressure, a density-dependent viscosity coefficient. By using a finite-difference scheme based on the Steger-Warming flux splitting, we investigate the solution of our improved second-order traffic model for specific problems like shock fronts in traffic and freeway-lane drop.
Introduction
We can find in the literature a large number of macroscopic traffic models that describe the motion of vehicles along a highway or in urban networks as a one-dimensional compressible flow of a fluid [1] - [4] . In this kind of model, the traffic description is then made in terms of macroscopic traffic variables like the vehicular density, the average velocity and the velocity variance, although some others can also be considered [5] . A macroscopic approach must be essentially based on experimental traffic information. However, in some of these models this information is given in terms of tendencies and not necessarily in a detailed way, as should be expected. In 1935, Greenshields [6] carried out the first studies of vehicular traffic by assuming an expression for the equilibrium average velocity which starts at a constant mean velocity, then decreases linearly with the density and goes to zero when the density reaches the jam density. In the 1950s, Lighthill and Whitham [7] proposed the first fluid-dynamics traffic model based on the fact that the vehicular density satisfies a conservation equation when the vehicles move on a road without entrances and exits. For the traffic flow, Lighthill and Whitham assumed a static flow-density relation that could be determined by fitting the traffic data. The result of this assumption for the traffic flow is the formation of a shock-wave structure in the density profile, i.e. as time evolves the vehicular density changes abruptly. In fact, density changes are not so extreme, and we can avoid this problem by adding in the Lighthill-Whitham model a kind of diffusion term proportional to the spatial changes of the density [8] . In order to obtain a more suitable description of non-equilibrium traffic situations, Payne [9] introduced a dynamic equation for the average velocity which he derived from a microscopic follow-theleader model. Based on Prigogine's gas-kinetic traffic model [10] , an alternative approach to Payne's model was suggested by Phillips [11] by introducing a traffic pressure which can be written in terms of a density-dependent velocity variance. Unfortunately, it was found that the model by Phillips produces an unphysical result for which the traffic pressure decreases at high densities and vehicles can accelerate into traffic jams. Following the ideas introduced by Kühne [12] , Kerner and Konhäuser [13] presented a fluid-dynamic traffic model based on the continuity and the motion equations, and on the assumption that the velocity variance, the viscosity coefficient and the relaxation time to the steady state are constant. Their model allowed them to study the kinetics of cluster formation: however, it produced some anomalies such as densities exceeding the maximum density and negative velocities. These inconsistencies motivated the search for different models. In particular, Helbing [14] proposed an improved model in which the velocity variance was taken as an independent variable obeying an equation of motion based on the gas-kinetic approach. Such a model needed a closure relation for the flux of the velocity variance and a constitutive relation was borrowed from kinetic theory to write this flux in terms of the spatial variations of the velocity variance. Another modification introduced by Helbing takes into account the finite amount of space required by each vehicle in such a way that it prevented the density growing up to higher densities than the maximum.
Though the research for macroscopic models is an active field in the subject, it has faced some drawbacks which deserve attention. In particular, Daganzo [15] has raised an apparent inconsistency, pointing out the possible presence of negative wave velocities corresponding to the characteristics in hyperbolic partial differential equations. Several models have tried to modify macroscopic schemes to reconcile them with Daganzo's questions. For example, in reference [16] the partial time derivative is replaced by the convective derivative. Other models [17, 18] derive macroscopic equations from microscopic follow-the-leader schemes going far apart from the Payne/Whitham type of models, where Daganzo's objections are valid. However, recently, Helbing [19] has shown that the presence of a characteristic speed higher than the average traffic flow speed in macroscopic models does not constitute an inconsistency since it is related to a mode that decays quickly. This fact supports the construction of macroscopic models which show this kind of structure without being inconsistent. Hence, it is interesting to explore other options, avoiding the introduction of an additional equation and the size of vehicles as in reference [14] , as well as some other hypotheses. In this work we consider a model for vehicular traffic in terms of two macroscopic variables: the density and the average velocity, and construct by an iterative procedure of a more realistic constitutive relation for the traffic pressure in which the viscosity coefficient becomes a function of the vehicle density. Besides, the model we developed is applied to some examples where we have some extreme conditions, such as the evolution of shock fronts and the freeway-lane drop. Also, we made a comparison between the well-known Kerner-Konhäuser model and the improved model developed here. This paper is organized as follows. In section 2, we present some basic relations to be used in section 3, where we develop the iterative method leading to the improved model and its stability analysis. Section 4 is devoted to the numerical method whereas section 5 considers the applications and the comparison with the models of Kerner-Konhäuser and Aw-Rascle-Greenberg. Lastly, we give in section 6 some concluding remarks.
Macroscopic traffic models
If the number of vehicles moving on a long road section is sufficiently large, traffic flow can be modelled by macroscopic balance equations similar to those utilized to describe the one-dimensional compressible flow of viscous fluids. In this approach, the traffic state at position x and time t is described by macroscopic variables like the local vehicle density ρ(x, t) and the local average velocity v(x, t). On a road without entrances and exits, these variables satisfy the continuity equation ∂ρ ∂t
and the traffic momentum equation
where v e = v e (ρ) is the density-dependent equilibrium velocity, P is the traffic pressure and τ is the relaxation time. The first term on the right-hand side of the traffic momentum equation accounts for the tendency of the traffic stream to move towards equilibrium, while the term containing the traffic pressure P reflects the fact that driver-vehicle units react to traffic conditions in front of them. The density-dependent equilibrium velocity is determined by the average balance among several traffic parameters like road conditions, legal traffic regulations and weather conditions, i.e. the equilibrium velocity is a phenomenological function. Despite the variety of traffic parameters that determine the equilibrium velocity, some important statements with respect to its general shape can be made: (i) at low densities there is almost no interaction between vehicles and they can move with some average velocity which is basically determined by road conditions and speed limits, (ii) at intermediate densities the equilibrium velocity decreases rapidly as the density increases since it becomes more difficult for faster drivers to overtake slower drivers and (iii) at the highest densities vehicles cannot move at all, and for this reason the equilibrium velocity approaches zero. Empirical traffic data indicate that the densitydependent equilibrium velocity is a monotonic decreasing function of the vehicle density, i.e. its derivative ξ(ρ) = dv e /dρ is negative. Following del Castillo and Benítez [20, 21] , we shall adopt in this paper the following functional form for the density-dependent equilibrium velocity:
where v 0 is the free-flow velocity, ρ j is the jam (or maximum) density and c j is the kinematic wave speed at jam density. Figure 1 shows the density-dependent equilibrium velocity for the following typical parameter values:
A general second-order continuum traffic model is obtained by combining the continuity and momentum equations with a specification of the traffic pressure as a function of the vehicle density and mean velocity, i.e. P = P (ρ, v) . At the end of the 1970s, Phillips [11] suggested a constitutive relation for the traffic pressure of the form
where Θ 0 is a positive constant. However, according to this relation we can verify that, at high densities, the density gradient of the traffic pressure will be negative, so that vehicles would accelerate into regions of congestion, which is clearly an unphysical result. In order to keep the analogy with the Navier-Stokes equations for compressible fluids and to avoid the formation of shock-like waves, Kerner and Konhäuser [13] wrote the traffic pressure as
where the traffic sound speed c and the viscosity coefficient μ are taken as constants, i.e. c = c 0 and μ = μ 0 . A linear stability analysis of the Kerner-Konhäuser traffic model on a circular road shows the formation of density clusters and stop-and-go traffic (i.e. unstable traffic) if the condition
is satisfied, where L is the road length. This condition is fulfilled at moderate densities, where the equilibrium velocity rapidly decreases as the density increases. Numerical results derived from the Kerner-Konhäuser traffic model are very encouraging: however, it should be remarked that their constitutive relation for the traffic pressure has no theoretical foundation since the viscosity was introduced in an ad hoc way. Instead of assuming a constitutive relation for the traffic pressure, one can complement the balance equations (1) and (2) with the following dynamic equation for the traffic pressure:
where P e = P e (ρ) is the equilibrium traffic pressure. The dynamic equation (7) for the traffic pressure can be derived from a Boltzmann-like traffic model [22] under the simple assumption that there is no skewness in the velocity distribution. Empirical traffic data shows that traffic velocity distributions are reasonably symmetric and, therefore, neglecting the skewness should not have a significant effect on the accuracy of the continuum traffic model.
Improved second-order traffic model
A more realistic constitutive relation for the traffic pressure than that suggested by Kerner and Konhäuser can be easily derived by applying an iterative procedure on the balance equation (7) for the traffic pressure. For the first iteration step, we insert on the left-hand side the approximation P = P e , so that
and then we recall that P e = P e (ρ) and write all derivatives in time and space as the total derivative with respect to the density. Then we use the continuity equation, equation (1), in such a way that we obtain a first iterated value for the traffic pressure, namely
where
denotes a density-dependent viscosity coefficient. Expression (9) for the traffic pressure represents an improvement on the constitutive relation (5) suggested by Kerner and Konhäuser since our iterative procedure introduces a density-dependent viscosity coefficient. Hence, the basic equations of our improved second-order continuum traffic model are the continuity equation:
and the momentum equation:
where c = dP e dρ (13) is the traffic sound speed. Note that the macroscopic traffic model suggested by Kerner and Konhäuser can be recovered from our improved second-order continuum traffic model if one sets c = c 0 and μ = μ 0 in the momentum equation (12) .
From the dynamic equations (11) and (12) we verify that the improved second-order continuum traffic model admits the stationary and spatially homogeneous solution:
relying on the equilibrium velocity-density relation. As a first step in the stability analysis of our second-order continuum traffic model, let us first investigate its characteristic velocities. By considering the full differentials of the vehicle density and the average velocity as
we can write the dynamic equations (11) and (12) in the matrix form ⎛ ⎜ ⎝
Discontinuous solutions (i.e. shocks) are obtained when the coefficient matrix of the partial derivatives is singular. Hence, the characteristic velocities u = dx/dt are
This result depends on the specific expression for the traffic pressure as given in equation (13). If we assume P = ρc 2 0 as in the Kerner-Konhauser model, where c 0 is a positive constant parameter, we get
From the above calculation, we found that one of the solutions of the characteristic velocity is larger than the average traffic flow velocity, indicating that traffic sound waves propagate in the downstream direction. This fact has been criticized by Daganzo [15] as a major deficiency of most second-order traffic models. It is worth noticing that Helbing [19] has shown that the existence of such velocities does not constitute an inconsistency.
As the second step in the stability analysis we introduce the small perturbations
to the stationary and spatially homogeneous solution ρ e and v e , where the (ρ e , v e ) pair correspond to values in the equilibrium relation given in equation (1), called the fundamental diagram. Substituting the perturbations (19) into the dynamic equations (11) and (12) and neglecting nonlinear terms we obtain
where the sub-indexes x, t mean the corresponding partial derivatives, and the quantity ψ is given by
By now introducing the coordinate system t = t/τ and x = (x − v e t)/τ c 0 we can rewrite (20) and (21) as follows: where the prime in the notation was suppressed. The linear stability of the macroscopic traffic equations (11) and (12) can be determined by means of a Fourier decomposition perturbation of the form
where k is the wavenumber, ω is the oscillation frequency and γ is the growth parameter.
If the growth parameter is smaller than zero, initial perturbations will be damped out and the equilibrium solutions will be re-established. However, when the growth parameter is greater than zero, even small perturbations will eventually grow, which can give rise to traffic jams. By inserting (24) into (23) we obtain the dispersion relation
where a = −1 − ψ is the so-called traffic parameter. The dispersion relation (14) has two solutions:
Note that the square root contains a complex number which makes it difficult to see the sign of the growth parameter. However, we can use the formula [23]
From (26) and (27) we verify that
and
A transition from stable to unstable solution occurs only for the growth parameter γ + under the condition
which implies For a > 0 the stationary and spatial homogeneous solution becomes unstable and the corresponding critical density ρ c can be derived from the condition Figure 2 shows the dependence of the traffic parameter on the vehicle density for the density-dependent equilibrium velocity, as given in equation (3) . In this case, we can see from figure 2 that the homogeneous traffic flow loses its stability in the density interval 0.0275 < ρ < 0.0933. Figure 3 shows the wavenumber dependence of the growth parameters associated with the positive and negative eigenvalues for a > 0. It can be verified from figure 3 that the negative eigenmode is linearly stable for all values of the reduced wavenumber, while the positive eigenmode becomes unstable when the reduced wavenumber is smaller than unity.
On the other hand, the propagation speed of the small perturbations are given by the so-called group velocity v g which is obtained by differentiation of the oscillation frequency with respect to the wavenumber, i.e.
Hence, we get
By considering (29) and (30) we can rewrite the group velocity as When the homogeneous state loses its stability, we verify that the negative eigenmode decays faster than the positive eigenmode, since the values of the growth parameters associated with these eigenmodes are γ + = 0 and γ − = −2z. In this case, the group velocities take the values
Based on the above results one can conclude that in our second-order continuum traffic model those perturbations travelling faster than traffic flow decays at the same rate at which vehicles adjust their speeds. Therefore, characteristic velocities faster than the average traffic flow velocity do not represent a theoretical inconsistency to our secondorder traffic model, since traffic sound waves propagating in the downstream direction cannot emerge by themselves.
Numerical method
In order to present a numerical method for the solution of the improved second-order continuum traffic model introduced in the previous section, let us first write the dynamic traffic equations (11) and (12) in the following conservative form:
, and
If we introduce the Jacobian matrix
it is possible to write the system of macroscopic traffic equation (38) in the form ∂U ∂t
To apply the state-of-the-art in numerical schemes to solve the above system of macroscopic traffic equations it is necessary to determine the eigenvalues λ and the eigenvectors e of the Jacobian matrix. The eigenvalues and eigenvectors of the Jacobian matrix are
where we can notice that the eigenvalues correspond to the characteristic speeds as given in equations (18) . Since the Jacobian matrix has a complete set of eigenvectors, it can be readily diagonalized by a similarity matrix Z whose column vectors are the right eigenvectors:
is the so-called eigenvalue matrix. We should notice that the usual numerical methods in traffic models [23] do not allow for the treatment of initial conditions containing doi:10.1088/1742-5468/2010/02/P02012discontinuities in the derivatives of the density, such as can occur in shock fronts or in the lane drop problem. That is the main reason to implement a different numerical method to obtain the solution of the improved second-order continuum traffic model. We shall apply a finite-difference scheme based on Steger-Warming flux splitting [24] . To illustrate the construction of the numerical scheme, we first consider the situation where there is no relaxation and viscosity, i.e. S = 0. Hence, we have ∂U ∂t
Since the flux vector F is a homogeneous function of the conservation variables U of degree one, we can write
where A is the Jacobian matrix. This property and the fact that the system is hyperbolic (real distinct eigenvalues) form the basis for the construction of an upwind scheme with flux vector splitting. Combining (43) and (47), we verify that the flux vector can be written as
The eigenvalue matrix can be split into two parts:
are diagonal matrices having only positive and negative elements, respectively. By considering the above decomposition, we write the Jacobian matrix as
and define
so that
and Thus, the original system of equations written using the split-flux notation becomes
where the plus and minus signs indicate that the flux components are associated with wave propagation in the positive and negative directions, respectively. Once F + and F − are determined from the above procedure, a simple explicit upwind scheme with flux vector splitting can be applied to compute the solution on a uniform computational grid with discrete values x i = iΔx and t n = nΔt. A first-order upwind scheme can be written as
Let us now discuss the case S = 0, i.e. the inhomogeneous case. One way to deal with an inhomogeneous system is based on the numerical scheme for homogeneous systems plus a special treatment of the inhomogeneous term. The main problem with this term comes when we realize that there is a second-order derivative and it is necessary as a prescription for its discretization. Here, we calculate by means of central differences and in this case it can be written as follows:
where ρ i±1/2 = (ρ i + ρ i±1 )/2. Thus, the full numerical scheme can be written as
Finally, it is important to mention that the specification of consistent time-dependent boundary conditions is crucial for the numerical solution, since inconsistent boundary conditions lead to numerical instabilities. As pointed out in the literature, the following options are reasonable in different traffic situations: Dirichlet boundary conditions, homogeneous von Neumann boundary conditions and free boundary conditions. Dirichlet boundary conditions assume that the traffic states at the boundaries x = x 1 and x = x 2 are given by empirically measured values, i.e.
Homogeneous von Neumann boundary conditions assume that the traffic states remain unchanged at the boundaries, i.e.
∂U(x
while free boundary conditions assume that the traffic states are smooth at the boundaries, i.e.
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Simulation results
In this section we show the application of the improved model and the numerical method for two examples which are particularly difficult. The first example considers time and space profiles of shock fronts between free and congested traffic and the second one refers to a freeway-lane drop. Lastly, we compare the improved model with both the KernerKonhäuser model and the Aw-Rascle-Greenberg model. In these cases we used the method developed in section 4, though these comparisons can also be made with the standard numerical methods [23, 25] .
Shock fronts in traffic
As pointed out in the literature, the description of shock fronts between two different traffic states is a particularly difficult problem. Hence, we investigate in our first example how shock fronts between free and congested traffic evolve in the improved second-order continuum traffic model. Such fronts can be modelled by considering initial conditions containing discontinuities in the vehicle density and mean velocity, i.e. we must consider solutions of a Riemann problem with the following initial conditions: 
Concerning the discretization, spatial intervals of Δx ≤ 200 m and time steps of Δt ≤ 0.1 s are found to be suitable. Furthermore, in figure 4 , we have used free boundary conditions at the upstream and downstream boundaries, while in figure 5 we have applied fixed (Dirichlet) boundary conditions at the upstream boundary and homogeneous von Neumann boundary conditions at the downstream boundary. From figures 4 and 5, we verify that the numerical results derived from the improved second-order continuum traffic flow model are consistent with our daily observations in real traffic flow. In fact, they reproduce both the rarefaction wave which appears when a traffic jam dissolves and the shock wave which appears when a free-flow traffic meets a queue of stopped vehicles.
Freeway-lane drop
As a second example, we consider the behaviour of vehicle density and traffic flow on a road section described by the interval [−0.5 km, +0.5 km] in which the number of lanes is 
With the above initial conditions and model parameters, the initial traffic flow in the three-lane region is 11% higher than the maximal traffic flow of the two-lane region which we have set to 4000 veh h −1 . We can see from figures 6(a) and (b) that this initial traffic demand causes (i) a traffic congestion moving backward in the three-lane region, (ii) a density discontinuity at x = 0 (i.e. at the bottleneck) and (iii) a traffic flow in the two-lane region slightly smaller than the maximum flow.
Improved model versus Kerner-Konhäuser model
Let us now compare the results derived from the improved second-order traffic model with those derived from the Kerner-Konhäuser model for unstable traffic. Following Kerner and Konhäuser, we will assume that the fundamental diagram is given by the same expression as in [13, 14] instead of equation (3). This means that we realize numerical simulations 
where ρ c is the critical density, i.e. the density value which maximizes the fundamental diagram q e (ρ) = ρv e (ρ). From the equilibrium velocity (67) we find ρ c = 0.04 veh m −1 so that the viscosity coefficient μ 0 takes the value 187 m s −1 which is compatible with empirical traffic data. Besides, the traffic flow simulations showed in this section deal with the time evolution of the initial traffic distributions:
on a 10 km circular road. The advantage of a circular road lies in the fact that we can impose periodic boundary conditions on the numerical algorithm. figure 8 (a), we verify that our improved second-order continuum traffic model also predicts the formation of a cluster of vehicles on a circular road as the Kerner-Konhäuser traffic model does. However, it does not produce density values that exceed the jam density.
Improved model versus Aw-Rascle-Greenberg model
Besides the Kerner-Konhäuser model, another very popular two-equation traffic flow model found in the literature is the so-called Aw-Rascle-Greenberg model [16, 18] . The Aw-Rascle-Greenberg traffic flow model is based on the continuity equation (1) and on the velocity equation:
By comparing the Aw-Rascle-Greenberg model with other second-order traffic models, it is possible to see that the main difference between them appears in the motion equation in which the anticipation term is given by a speed gradient instead of a density gradient. As pointed out in the literature, this replacement solves the characteristic speed problem that exists in several second-order models and therefore allows the Aw-Rascle-Greenberg model to satisfy the anisotropic property of traffic flow.
In this section, we choose the Riemann problem presented by Aw and Rascle in their paper as an example to compare our improved second-order continuum traffic model with the Aw-Rascle-Greenberg model. This Riemann problem consists of the following initial As pointed out by Aw and Rascle, the exact solution of the traffic equations (1) and (70) subject to the initial conditions (71) consists of the constant state (ρ + , v + ) moving to the right with velocity v + and leaving behind a vacuum. Figure 9 shows the numerical solutions derived from the Aw-Rascle-Greenberg model (top) and the improved second-order continuum traffic model (bottom) for the case ρ + = 0.05 veh m −1 . Although the traffic flow condition downstream is free-flow, we verify from figure 9 that no vehicles flow backwards into the empty region of the road, showing that the improved model, as the Aw-Rascle-Greenberg model, is consistent with the anisotropy condition. Furthermore, we can see that the presence of a density-dependent traffic viscosity in our improved second-order model smooths the density profile at the discontinuity. Finally, it is important to mention the above result gives support to our conclusion that a characteristic speed greater than the average traffic flow speed does not represent an inconsistency to our improved second-order traffic model.
Concluding remarks
The model presented in this paper is a phenomenological model which, by a very simple iteration procedure, takes advantage of the pressure dynamics to construct a closure relation in the average velocity equation. As a result, we obtained an improved secondorder traffic model with a viscosity depending on the density, instead of a constant, as is assumed in other models. The improved model does not produce neither densities bigger than the maximum nor negative velocities as happens in the Kerner-Konhäuser model. Also, the numerical method developed here allows for a simulation in which the initial conditions present discontinuities, such as the shock fronts and the freeway-lane drop. It is worth noticing that these kinds of problems cannot produce sound results with the usual numerical methods in traffic equations.
